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Analysis and Synthesis of Coplanar Coupled
Lines on Substrates of Finite Thicknesses

Kwok-Keung M. Cheng

Abstract— This paper presents two sets of newly developed CAD-
oriented formulas for the evaluation of the quasi-static even- and odd-
mode characteristics of coplanar coupled lines on substrates of finite
thicknesses. The first set of expressions is derived based on the confor-
mal mapping method. Numerical results show that both the even- and
odd-mode characteristic impedances and effective dielectric constants
computed by these expressions are in good agreement with the results
generated by the spectral domain method. The second set of formulas is
derived based on a seminumerical approach and can be used to calculate
the geometrical parameters of coplanar coupled lines directly from the
given electrical parameters, without using an iterative approach. These
seminumerical formulas give maximum error in impedance calculation
of about 2.0% (c/h < 2). over a wide range of impedance and dielectric
constant values.

[. INTRODUCTION

Coplanar coupled lines have been widely used in the design of
filters and directional couplers [1]. [2]. A vast amount of literature
has been published on the numerical computation of their charac-
teristic parameters. Wen [1] employed the quasi-static zeroth-order
approximation in the study of CPW directional couplers fabricated
on substrates of infinite thicknesses. Hatsuda [2] analyzed coplanar
coupled lines on substrates of finite thicknesses by the finite difference
method. The spectral domain method has also been used for the
analysis of coupled lines on single layer substrates [3] as well as
on multilayers substrates [4]. However, fast and reliable analytical
formulas for calculating the parameters of coplanar coupled lines,
which are suitable for CAD tools, are not available in the literature.
For these reasons, some newly developed formulas for the evaluation
of the quasi-static characteristic parameters of coplanar coupled lines
fabricated on substrates of finite thicknesses, are presented here.
The first set of expressions is derived based on the conformal
mapping method. The second set of formulas is derived based on a
seminumerical approach and can be used to calculate the geometrical
parameters of coplanar coupled lines directly from the given electrical
parameters. Numerical results generated by the spectral domain
method are also shown for comparison.

II. ANALYSIS

The configuration to be studied is shown in Fig. I, where the
ground planes are assumed to be infinitely wide. All conductors
are assumed to be infinitely thin and perfectly conducting. The two
coupled strips, of width (b — a), are placed between two ground
planes, of spacing 2c. which are located on a substrate of thickness
h. with relative permittivity . The two coupled strips are separated
by a distance of 2¢. It is assumed that the air-dielectric interfaces,
where all the conductors are located, can be dealt with as though
perfect magnetic walls are present in them. This structure supports
two fundamental modes, namely odd and even. The total capacitance
per unit length is considered as the sum of the capacitances in the
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Fig. 1. Coplanar coupled line.

upper region (air) and lower region (air and dielectric layer). The
lower region capacitance is evaluated by the approximate technique
suggested in [5] as the sum of the free-space capacitance in the
absence of the dielectric and the capacitance of the dielectric layer.
assumed to have permittivity (¢, — 1).

A. Even-Mode

The even-mode is analyzed by assuming a magnetic wall is present
at the center of the structure. The even-mode capacitance per unit
length is obtained through a sequence of conformal mappings [5]
and the resulting formulas can be derived as

o K(k.y) K (ke2)
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sinh? (we/2h) — sinh® (wa/2h)

where A (k) and RA’(k) are the complete elliptic integral of the
first kind and its complement. Accurate expressions for the ratio
K (k)/(K'(k) are available in [6].

B. Odd-Mode

The odd-mode is analyzed by assuming an electric wall is present
at the center of the structure. The lower region capacitance is obtained
through the sequence of transformations depicted in Fig. 2. The
configuration in Fig. 2(a) is first converted into the one shown in
Fig. 2(c) by the following expressions
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where F(¢, k) is the incomplete elliptic integral of the first kind,
written in Jacobi’s notation. A magnetic wall is then assumed to be
present at the center of the slot, and hence the structure in Fig. 2(c)
can be considered as the sum of two capacitances, as depicted in
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Fig. 2. Conformal transformations for odd-mode capacitance in the lower
region.

Fig. 2(d). In result, the total odd-mode capacitance per unit length
is given by
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Expressions (2b), (2¢), (3c), and (3d) can be evaluated using either
the approximated formulas reported in [7], or the routines in [8]. A
solution for (3¢) and (3f) is given in the Appendix. Hence, the coupler
odd- and even-mode characteristic impedances and relative effective
dielectric constants can be calculated by the well-known equations

e - C(o,e)(ET)
eff(o,¢) C(a,e)(]-)

Zo(o,e) - cu_l \/C(o,e) (ST)C(o,e)(l)

(42)
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Fig. 3. Characteristic impedance evaluation of coplanar coupled lines. (a)
Even-mode. (b) Odd-mode.
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Fig. 4. Effective dielectric constant evaluation of coplanar coupled lines.

where ¢, is the velocity of light in vacuum. The expressions derived
in this section can easily be extended to coplanar coupled lines with
upper shielding [5].
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Fig. 5 Plot of function f, & fe versus ¢/h and ¢r.

II. SYNTHESIS

The design procedure of couplers usually requires the geometrical
parameters (a) and (b) to be determined from the input values
such as the even- and odd-mode characteristic impedances, substrate
thicknesses, dielectric constants, and ground-plane spacing. However,
in obtaining the physical dimensions from the given electrical parame-
ters using analyses mentioned above is involved since the expressions
derived can only be solved through an iterative approach. For this
reason, some quick and accurate formulas have been devised for
coplanar coupled line synthesis. The seminumerical formula proposed
here for the evaluation of the even- and odd-mode characteristic
impedances is

1207 K (ko1 e1) )/ B (Ror,e1))
\/2[2 + f(o,ﬁ\ (61 - 1)]

where f,. are some functions of £, and c¢/h. The optimum values
of f, e ate defined as the quantities that give the minimum relative
error between the sets of impedance values calculated by (5) and by
the spectral domain approach, for the chosen vatues of ¢, and c¢/h
(which will be discussed further in Section IV). This step can be
achieved easily by any computer searching algorithm. Consequently.
the synthesis equations are obtained by solving (5) and the resuiting
expressions are simply

Zo(o,e) =

I{(f(o.e)) _ 1207 (Ga)
K'(to.0))  Zoo,e)y/2[24 flo ey(er — 1)]
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b=— 6b
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IV. NuUMERICAL COMPUTATION AND RESULTS

In our first example, numerical results are generated to examine
the accuracy of the analytical expressions derived in Section II. Figs.
3 and 4 show the plot of the even- and odd-mode characteristic
impedance and effective dielectric constant values (e, = 12.9),
evaluated as a function of u/¢, (b—a)/(c—a), and c¢/h. For purposes
of comparison, values obtained by the spectral domain approach [9]
are also shown in the diagram. Upon examining also sets of data (not
shown here) based on different dielectric constant values (¢, = 2.35,
6.0. 10.0), it may be concluded that both the even- and odd-mode
characteristic impedance and effective dielectric constant evaluation

Even-mode Maximum Impedance Error (%)

Odd-mode Maximum Impedance Error (%)

(b)

Fig. 6. Maximum impedance error of the seminumerical formulas versus
¢/h and <. (a) Even-mode. (b) Odd-mode

is of sufficient precision for most of the applicable range of physical
dimensions used and available dielectric materials.

In our next example, the accuracy of the seminumerical formulas
in (5) will be demonstrated. As mentioned previously, the optimum
values of f. and f, are determined by minimizing the error between
the two sets of impedance values obtained by the seminumerical
formulas and by the spectral domain approach. The relationship
between (f. and f,) and (=, and c/h) thus obtained is shown in
Fig. 5. The set of values that were used to obtain these curves are

= =2.35,6.0,10.0,12.9
¢/h =0.25.0.5,0.75,- - -, 4.0

a/c=0.05.0.1,0.2
b—a

Cc—a

=0.2.0.4,0.8.

In Fig. 6, the corresponding maximum percentage error of the
proposed formulas in both the even- and odd-mode impedance
evaluation is shown. It can easily be seen that the calculated error
increases with both ¢, and ¢/h. To further illustrate the accuracy of
the formulas, comparison has also been made (¢, =12.9) with respect
to the even and odd-mode characteristic impedance values versus
different geometrical parameters, as depicted in Fig. 7. Expressions
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Fig. 7. Characteristic impedance evaluation by the spectral domain method
and by the seminumerical formulas. (a) Even-mode. (b) Odd-mode.

used in approximating f. and f, (¢/h and 2) in these calculations are

1 S 0017 2
fo=1 s 0517 1=0:0175(c/R) +0.18(c/)
—0.05(¢/h)*}
— — ST - 2
fo=1 —n T35 {-0:0177(c/h) + 0.0264(c/h)*}.  (7)

Note that the discrepancies between the values calculated by (7)
and those shown in Fig. § are less than 0.5%. It can also be observed
from Fig. 6 that the discrepancies between the impedance values
obtained by the seminumerical formulas and by the spectral domain
method are less than 2.0% (c¢/h < 2) for both even- and odd-mode
impedance computations.

V. CONCLUSION

Some closed-form expressions have been devised for obtaining
the quasi-static even- and odd-mode characteristic parameters of
coplanar coupled lines. Numerical results generated by these formulas
have shown excellent agreements with reference data obtained by
the spectral domain method. A set of synthesis formulas has been
proposed for the direct computation of the geometrical parameters
of coplanar coupled lines, and the maximum impedance error thus
obtained depends largely upon the ratio of the ground plane spacing
to the substrate thicknesses. These new expressions make possible
fast calculations of the parameters of coplanar coupled lines with
precision sufficient for most engineering applications, thus making it
an excellent choice for use in CAD-oriented design tools.

APPENDIX
The general form of the expressions given in (3e), (3f), and (6a) is
K(a) _
K'(a) —

An approximated solution for the above equation is
e —2\?
e +2)°

e™/? —2\* '
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